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Abstract—In this paper, we address the problem of estimating
the parameters of Asymmetric Generalized Gaussian Distribution
(AGGD) using three estimation mehods, namely, Maximum Like-
lihood Estimation (MLE), Moment Matching Estimation (MME)
and Entropy Matching Estimaion (EME). For this purpose, these
methods are applied on an unimodal histogram fitting of an
image corrupted with AGGD noise. Experiments show that the
effectiveness of each method comparatively to the other one
depends on the variation range of the shape factor.

Index Terms—Asymmetric generalized Gaussian distribution,
Parameter estimation, Maximum likelihood, Moments, Entropy.

I. INTRODUCTION

Although the major part of the statistical pattern recognition

approaches considers models using the Gaussian distribution

for their simplicity of computation, the modern systems of

signal processing, compuer vision, image analysis, complex

probability density function (pdf ) approximation and com-

munication, involving statistical modeling of data must often

operate in complex and variable noise environments dominated

by non-Gaussian sources [1], [2]. For example, a normalized

histogram or pdf of a real image may be inherently non-

Gaussian or even a mix of several distributions, so using a

mixture of Gaussian distribution cannot portray the data ac-

curately. As alternative, the use of an asymmetric generalized

Gaussian distribution (AGGD) not only approximate a large

class of statistical distributions (e.g. impulsive, Laplacian,

Gaussian and uniform distributions) but also include the asym-

metry [3]. The modelling capacity confers to this distribution

more flexibility compared to the other distributions.

The main method used to estimate the statistical distribu-

tion is the maximum likelihood thanks to the development

of the Expectation-Maximization algorithm by Dempster et

el.(dempster) which is adapted for statistical data presented

in form of mixture models. However, recently, other methods

based on moments, L-moments, entropy, etc. have been also

developed to estimate the distribution parameters for a large

class of distributions such Generalized Gaussian distribution

[2], Beta Laplace distribution [5] and Asymmetric Exponential

Power distribution [6], [7]. Concerning the AGGD parameters

estimation which is the subject of this paper, the authors in

[3] have proposed the MLE method to achieve this estimation

while, in [8], the authors have developed a moment-based

method to estimate the AGGD parameters.
In this paper, the method Entropy Matching Estimation

(EME) is newly studied and developed in case of an AGGD

where, the parameters estimates are compared with methods of

Maximum Likelihood Estimation (MLE) and Moment Match-

ing Estimation (MME).

II. DEFINITION AND SOME PROPERTIES

A. Asymmetric Generalized Gaussian distribution
We define the probability density function (pdf) of an

unidimensional asymmetric generalized Gaussian distribution

(AGGD) as follows

f(x|θθθ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

β

(α1 + α2)Γ(1/β)
e−[(−x+μ)/α1]

β

if x < μ

β

(α1 + α2)Γ(1/β)
e−[(x−μ)/α2]

β

if x ≥ μ

(1)
for x (x ∈ R), and where θθθ = (μ, α1, α2, β)

T (−∞ < μ <
∞, α1 > 0, α2 > 0, β > 0) is the distribution parameter vector

whose components are the left and right scale parameters

and shape parameter, respectively. Γ is the gamma function

defined by Γ(ξ) =
∫∞
0

e−ttξ−1 dt. The parameter β dictates

the exponential rate of decay: the larger the values of β the

flatter the pdf ; the smaller the β the more peaked the pdf, as

shown in Fig. 1.
Special cases of AGGD can be obtained with some val-

ues of β as follows : asymmetric Laplacian distribution for

β = 1, asymmetric Gaussian distribution for β = 2, impulse

distribution for β → 0 and uniform distribution for β → ∞.

Note that the scale parameters which express the width of the

distribution are linked to standard deviations by

αi = σi

√
Γ(1/β)

Γ(3/β)
, i = 1, 2 (2)
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Fig. 1. AGGD’s pdfs for μ = 5, α1 = 2, α2 = 4, β = {1, 2, 5} [8]

B. Cumulative distribution function

Proposition 1. Let X be an AGGD random variable with
pdf f as defined in (1), then for any x ∈ R, the cumulative
distribution function (cdf ) F can be expressed by :

F (x|θθθ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

α1

(α1 + α2)Γ(1/β)
Γ

[
1

β
,

(−x+ μ

α1

)β
]

if x < μ

1

α1 + α2

[
α1 +

α2

Γ(1/β)
γ

[
1

β
,

(
x− μ

α2

)β
]]

if x ≥ μ

(3)

where γ(· , · ) and Γ(· , · ) denote respectively the lower and

the upper incomplete gamma functions. They are defined as

γ(s, y) =
∫ y

0
ts−1e−t dt and Γ(s, y) =

∫∞
y

ts−1e−t dt, y ≥ 0.

Proof. See Appendix A �

C. Moments

Some of the most important features and charcteristics of

a distribution can be studied through moments (e.g. tendency,

dispersion, skewness and kurtosis) [5].
Proposition 2. If X is a random variable with the AGGD

density and, for any r ∈ N, the r-order non central moment
can be written as

E[Xr] =
β

(α1 + α2)Γ(1/β)
×

r∑
k=0

(
r

k

)[
(−1)kαk+1

1 + αk+1
2

]
Γ

(
k + 1

β

)
μr−k

(4)

Proof. See [8]. �
Proposition 3. Using the proposition 1, the first four

moments (mean, variance, skewness, and kurtosis) of X are

deduced as

1) Mean

me = μ− (α1 − α2)
Γ(2/β)

Γ(1/β)
(5)

2) Variance

σ2 =
α3
1 + α3

2

α1 + α2
× Γ(3/β)

Γ(1/β)
− (α1 − α2)

2Γ(2/β)
2

Γ(1/β)2
(6)

3) Skewness

γ1 =
α1 − α2

σ3
×[

3
α3
1 + α3

2

α1 + α2

Γ(2/β)Γ(3/β)

Γ(1/β)2
− 2(α1 − α2)

2Γ(2/β)
3

Γ(1/β)3

− (α2
1 + α2

2)
Γ(4/β)

Γ(1/β)

]
(7)

4) Kurtosis

γ2 =
1

σ4
×[

α5
1 + α5

2

α1 + α2
× Γ(5/β)

Γ(1/β)
− (α1 − α2)

2

(
4(α2

1 + α2
2)

Γ(2/β)Γ(4/β)

Γ(1/β)2

−6
α3
1 + α3

2

α1 + α2
× Γ(2/β)2Γ(3/β)

Γ(1/β)3
+3(α1−α2)

2 Γ(2/β)
4

Γ(1/β)4

)]
−3

(8)

For Skewness and Kurtosis, σ is expressed in (6).

Proof. See Appendix B �
D. Entropy

The entropy is the basic concept in Information Theory

[9] which measures the uncertainty associated to a random

process. For a discrete random variable X with x1, x2, . . . , xn

the set of possible values, the entropy is given as

H(X) ≡ −E[log f(X)]

= −∑i=n
i=1 f(X = xi) log f(X = xi) (9)

For continuous random variables, it is called differential

entropy.

Proposition 4. The differential entropy of a continuous

random variable X following an AGGD with parameters θθθ,

is computed, in bits, as

H(θθθ) = − ∫ +∞
−∞ f(x,θθθ) log2 (f(x,θθθ)) dx

= 1
β log 2 − log2

β
(α1+α2)Γ(1/β)

(10)

Proof. See Appendix C �
III. AGGD PARAMETERS ESTIMATION

The estimation of the AGGD parameters efficiently is nec-

essary to allow this distribution to better fit the raw signal

sources. For this purpose, three estimation methods based

on the likelihood function, the moments and the entropy are

developed in the next subsections.

A. Maximum Likelihood Estimation

For a sample x1, x2, . . . , xn of n iid1 observations, the

likelihood function is given by

L(θθθ|x1, x2, . . . , xn) = f(x1, x2, . . . , xn|θθθ) iid=
n∏

i=1

f(xi|θθθ)
(11)

1independent and identically distributed
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In practice it is often more convenient to work with the

logarithm of the likelihood function, i.e.

logL(θθθ|x1, x2, . . . , xn) =
n∑

i=1

log f(xi|θθθ) (12)

To simplify, logL(θθθ|x1, x2, . . . , xn) is denoted L(θθθ|x).
Thus, for AGGD random variable, we have

L(θθθ|x) = ∑
xi<μ

log
[

β
(α1+α2)Γ(1/β)

e−[(−xi+μ)/α1]
β
]

+
∑

xi≥μ

log
[

β
(α1+α2)Γ(1/β)

e−[(xi−μ)/α2]
β
]

= n log β − n log(α1 + α2)− n log Γ(1/β)

− ∑
xi<μ

(
−xi+μ

α1

)β

− ∑
xi≥μ

(
xi−μ
α2

)β

(13)

The maximum likelihood estimate (MLE) θ̂θθmle =
(μ̂mle, α̂1mle

, α̂2mle
, β̂mle)

T of θθθ, defined in §2.1, is obtained
by maximizing the log-likelihood function L(θθθ|x) w.r.t. the
unknown parameter vector θθθ. The ML solution for each
unknown parameter θj , (j = 1, . . . , 4) can be found by setting
the partial derivative of L(θθθ|x) with regard to θj equal to zero,
assuming that the parameters θk (k �= j) are known, yielding
the following likelihood equations:

1

αβ
1

∑
xi<μ̂mle

(−xi + μ̂mle)
β−1 − 1

αβ
2

∑
xi≥μ̂mle

(xi − μ̂mle)
β−1 = 0

(14)

nα̂β+1
1mle

− β(α̂1mle + α2)
∑
xi<μ

(−xi + μ)β = 0 (15)

nα̂β+1
2mle

− β(α̂2mle + α1)
∑
xi≥μ

(xi − μ)β = 0 (16)

1

β̂mle

+
Ψ(1/β̂mle)

β̂2
mle

−
∑
xi<μ

(−xi + μ

α1

)β̂mle

log

(−xi + μ

α1

)

−
∑
xi≥μ

(
xi − μ

α2

)β̂mle

log

(
xi − μ

α2

)
= 0

(17)

with Ψ(ξ) = d log Γ(ξ)
dξ , the digamma function

These equations can be solved numerically via iterative

methods such as Newton-Raphson method.

B. Moment Matching Estimation

Knowing that {x1, x2, . . . , xn} is a set of n realizations

of the random variable X , the empirical moments or sample

moments denoted mes, σ
2
s , γ1s and γ2s are defined by

mes = x̄ =

n∑
i=1

xi/n (18)

σ2
s =

n∑
i=1

(xi − x̄)2/n (19)

γ1s =
n∑

i=1

(xi − x̄)3/(nσ3
s) (20)

γ2s =
n∑

i=1

(xi − x̄)4/(nσ4
s) (21)

The moment method estimation (MME) may be accom-

plished by equating the theoretical expressions of moments

me, σ2, γ1 and γ2 given by equations (5)-(8) and samples

moment values given in (18)-(21) and then solving numerically

the nonlinear system to obtain the estimated parameter vector

θθθmme = (μ̂mme, α̂1mme , α̂2mme , β̂mme)
T .

C. Entropy Matching Estimation

This class of estimators relies on matching the entropy of

a distribution as a source model with that of the empirical

source data. Here, such a distribution is the AGGD of which

the entropy will be fitted to the source signal. Given an AGGD,

its differential entropy H(θθθ), given by (10), is only a function

of σ1, σ2 and β without being dependent of μ because of

entropy invariance to translation. Suppose that H(X), defined

in (9) and renamed HX , is the zero-order entropy of the data

x1, x2, . . . , xn obtained at the output of a uniform threshold

quantizer with step size Δ. In [10], Woods has established that

H(θ) (called here HAGGD) is linked with H(X) by

HX = HAGGD − log2 Δ (22)

using (2) and (10) leads to

HX − log2
σ1 + σ2

Δ
=

1

β log 2
− log2

βΓ(3/β)1/2

Γ(1/β)3/2
� FH(β)

(23)

By plotting FH in function of β, it is noted that this function is

increasing in the interval ]0 2] where, it reaches its maximum

(equal to 2.047) for β = 2, as illustrated in Fig. 2.

Knowing the values of Δ, σ1s, σ2s and HX which are

computed from the real data, the estimated value of the shape

factor β̂eme is derived by inverting FH , i.e.,

β̂eme = F−1
H

(
HX − log2

σ1s + σ2s

Δ

)
(24)

If the data consists in an histogram of which the gray

level values belong to {0, 1, . . . , 255}, then Δ is taken equal

to 1. About the computation of the empirical left and right

standard deviations, using the AGGD analytical expression, a

first approximation consists to express them in function of the

whole sample variance σ2
s of AGGD as follows
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Fig. 2. Entropy-based AGGD shape function

σ1s + σ2s ∼ 2
√
σ2
s = 2

√√√√ 1

n

n∑
i=1

(
xi −

n∑
i=1

xi/n

)2

(25)

However, here, based on the analytical expression of AGGD

which may be considered as the union between the left and

right side of two GGDs with different variances as illustrated

in Fig. 3, we have computed the AGGD left and right sample

variances σ1s and σ2s respectively, as follows

σ2
1s =

ixm∑
i=1

xi (i− ixm)
2

/ ixm∑
i=1

xi (26)

and

σ2
2s =

n∑
i=ixm+1

xi (i− ixm)
2

/
n∑

i=ixm+1

xi (27)

where

ixm = argmax
i=1,...,n

xi (28)

Using (2), the estimate scale parameters for EME are

deduced as

α̂ieme = σis

√
Γ(1/β̂eme)

Γ(3/β̂eme)
, i = 1, 2 (29)

IV. EXPERIMENTS

Let hg(g ∈ [0, L − 1] where L is the number of gray

levels) the normalized histogram of an image X which can

be seen as an estimate of the true pdff(g) of the image. In

order to assess the effectiveness of the proposed parameter

estimations, namely, Maximum Likelihood Estimation (MLE),

Moment Matching Estimation (MME) and Entropy Matching

Estimation (EME) for unimodal histogram fitting, a simulated

image corrupted by asymmetric generalized Gaussian noise

with single mean and scales parameters (μ, α1, α2) and

different shape parameters (β) is used. In our experiments,

we take μ = 100, α1 = 15 and α2 = 30. However, the

shape factor β is varied from β = 0 to β = 3 with a step of

Δβ = 0.2. The synthetic image and its fitted histograms based

Fig. 3. a.(Blue and red solid lines) Left and right parts of AGGD. b.(Blue
and red dashed lines) Symmetrical parts of (a.) w.r.t the vertical line passing
through the mean μ. c.(Blue and red dotted lines) Left and right standard
deviations for AGGD

on MLE, MME and EME are illustrated in Fig. 4 and Fig.5

and the resulted estimated AGGD parameters are reported in

Table 1. The boldfaced value in Table 1 refers to the best

result compared to the input data between the three studied

parameter estimation methods, while the underlining is used

to mark the value comparable to the best result. The value

followed of an asterisk is dealing with erroneous values as we

will explain later. From the simulated image, we try to show

the strength and limitation of each of the AGGD parameter

estimation methods, especially, the AGGD shape factor, by

varying the values of β to display AGGDs from very peaked

one (β = 0.6) to somewhat flatened one (β = 3) passing

through Laplacian (β = 1) and (β = 2) Gaussian ones.

As it can be seen in Fig. 4, the best histogram fitting

outcomes for low values of β are provided by the EME method

which, according to the results given in Table 1, remains the

leader until β = 1.4 with a comparable result with MLE is

obtained for β = 1.6. Beyond this shape factor amount, EME

method falls drastically while the method of MLE outperforms

MME for β = 1.8. According to Fig. 5 and still according

to Table 1, the results of MLE and MME methods are in

a reasonable agreement with the input data from β = 2 to

β = 2.4. However, the MME method slightly outperforms

MLE method for the values of β greater than 2.4.

Since the shape factor plays a major role in the design of

asymmetric generalized Gaussian distribution, the estimation

of the AGGD scale parameters α1 and α1 is governed by the

computation accuracy of the shape factor estimate. That is

said, the AGGD scale parameters estimates provided in our

experiments are in general in accordance with the outcomes

of the shape factor. However, we remark that, for β greater

than 2, the lower and the higher scale parameters α1 and α2

are better estimated by MLE and MME, respectively.

For the AGGD mean parameter μ, as mentioned in §III.C,

the entropy is invariant to translation so, here, the AGGD μ
parameter is computed empirically and which corresponds to
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MLE MME EME

β=0.6
μ̂ 98.89 101.27 99
(α̂1, α̂2) (30.47 , 42.44) (41.1 , 52.76) (24.98 , 31.38)
β̂ 1.27 1.71 1.05

β=0.8
μ̂ 100.2 99.9 100
(α̂1, α̂2) (20.86 , 30.27) (28.41 , 40.93) (19.47 , 26.48)
β̂ 1.11 1.46 1.04

β=1
μ̂ 99.38 100.99 100
(α̂1, α̂2) (16.51 , 26.58) (21.9 , 31.4) (16.28 , 23.02)

β̂ 1.12 1.35 1.06

β=1.2
μ̂ 100.98 98.03 100
(α̂1, α̂2) (17.01 , 25.68) (17.12 , 31.16) (15.93 , 23.87)

β̂ 1.28 1.46 1.21

β=1.4
μ̂ 100.89 98.94 100
(α̂1, α̂2) (16.58 , 25.16) (16.26 , 28.44) (15.11 , 23.05)

β̂ 1.48 1.61 1.35

β=1.6
μ̂ 99.67 99.39 99
(α̂1, α̂2) (15.33 , 26.41) (16.42 , 27.43) (14.39 , 23.65)

β̂ 1.69 1.82 1.5

β=1.8
μ̂ 99.48 99.85 99
(α̂1, α̂2) (15.09 , 26.40) (16.16 , 26.45) (13.81 , 23.09)

β̂ 1.83 1.91 1.55

β=2
μ̂ 100.38 100.26 100
(α̂1, α̂2) (15.74 , 25.87) (16.14 , 25.78) (13.57 , 21.67)

β̂ 2.04 2.06 1.57

β=2.2
μ̂ 98.45 100.7 98
(α̂1, α̂2) (13.98 , 27.42) (16.3 , 25.27) (11.47∗, 21.36∗)

β̂ 2.24 2.24 1.53∗

β=2.4
μ̂ 99.04 100.7 99
(α̂1, α̂2) (15.07 , 26.75) (16.73 , 25.28) (11.83∗, 20.03∗)

β̂ 2.44 2.43 1.53∗

β=2.6
μ̂ 99.45 101.04 99
(α̂1, α̂2) (15.09 , 27.18) (17.14 , 25.21) (11.01∗, 19.22∗)

β̂ 2.71 2.66 1.45∗

β=2.8
μ̂ 101.21 100.95 101
(α̂1, α̂2) (16.82 , 24.83) (16.95 , 24.6) (11.54∗, 16.55∗)

β̂ 2.85 2.80 1.4∗

β=3
μ̂ 99.22 101.39 99
(α̂1, α̂2) (15.26 , 26.85) (17.47 , 24.61) (9.93∗, 16.88∗)

β̂ 3.14 3.09 1.35∗

TABLE I
MLE, MME AND EME RESULTS FOR AGGD WITH INPUT PARAMETERS

μ=100, α1=15, α2=25 AND β=0.6:0.2:3

the maximum of the distribution, i.e., μs = argmaxg hg . The

mean parameter is also delicate to compute for MLE because

of its highly non linear expression (see (14)) handling, among

others, piece-wise functions. For EME, it is expected that the

values of the shape factor estimates for the input β greater

than 2 are biased since the the function FH(β) given in (23) is

non-invertible and is only valid for β less that 2. Consequently,

in this case, the related scale parameters of AGGD are also

biased since they are linked to β by (29).

It is worth to note, in terms of computational time, that EME

method is much more faster than MLE and MME methods

where the EME average running time is around 0.1 s against

0.6 s and 1.3 s, for MLE and MME, respectively. This quality

makes the utilization of EME more suitable for real-time

signal processing applications with the condition that the fitted

signals present low shape factor values, as depicted above.

V. CONCLUSION

In this paper, the gray level histogram of a an unimodal syn-

thetic image corrupted by asymmetric generalized Gaussian

noise with different shape factor values is used in order to as-

sess the effectiveness of the methods of Maximum Likelihood

Estimation (MLE), Moment Matching Estimation (MME) and

Entropy Matching Estimation (EME) for the estimation of the

AGGD noise parameters. The histogram fitting results for each

estimation method are dependent on the value of the shape

factor β where, EME is more suitable for low shape factor

values (less than 1.6) while the best estimates are obtained

by the MLE and the MME methods for β > 1.6 with slight

advantages to MLE for β < 1.8 and MME for β > 2.4. It is

also noticed that the EME method is computationally much

more faster than the two others which makes it predisposed

to real-time utilization in the data modelling area.

APPENDIX

A. Proof of Proposition 1.

For an AGGD, the cdf is defined as follows

F (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

β

(α1 + α2)Γ(1/β)

∫ x

−∞
e−[(−y+μ)/α1]

β

dy if x < μ

β

(α1 + α2)Γ(1/β)

[∫ μ

−∞
e−[(−y+μ)/α1]

β

dy +

∫ x

−μ

e−[(y−μ)/α2]
β

dy

]
if x ≥ μ

(30)

Performing the changes of variable t = [(−y+μ)/α1]
β and

u = −x+μ
α1

in the equation part taken for x < μ, leads to the

following equalities:

F (x) =
β

(α1 + α2)Γ(1/β)

α1

β

∫ ∞

uβ

t1/β−1e−t dt

=
α1

(α1 + α2)Γ(1/β)
Γ

[
1

β
,

(−x+ μ

α1

)β
]

for x < μ

For x ≥ μ, taking the change of variable t = [(−y +

μ)/α1]
β , the term

∫ μ

−∞ e−[(−y+μ)/α1]
β

dy in (30) could be

replaced by α1

β

∫∞
u

t1/β−1e−t dt which is equal to α1

β Γ(1/β).

Otherwise, using the variable changes t = [(y − μ)/α2]
β and

u = x−μ
α2

the term
∫ x

−μ
e−[(y−μ)/α2]

β

dy in (30) becomes

α2

β

∫ uβ

0
t1/β−1e−t dt which is equal to α2

β γ

[
1
β ,

(
x−μ
α2

)β
]

.
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Then, we obtain

F (x) =
β

(α1 + α2)Γ(1/β)

[
α1

β
Γ(1/β) +

α2

β
γ

[
1

β
,

(
x− μ

α2

)β
]]

=
α1

(α1 + α2)
+

α2

(α1 + α2)Γ(1/β)
γ

[
1

β
,

(
x− μ

α2

)β
]

for x ≥ μ

B. Proof of Proposition 3.
The four moments are obtained using Proposition 2 and the

following definitions of mean (me), variance (σ2), skewness

(γ1) and kurtosis (γ2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

me = E[X]
σ2 = E[X − E[X]]2 = E[X2]− E[X]2

γ1 = E[X−E[X]]3

σ3 = E[X3]−3E[X]E[X2]+2E[X]3

σ3

γ2 = E[X−E[X]]4

σ4 − 3

= E[X]4−4E[X]E[X3]+6E[X]2E[X2]−3E[X]4

σ4 − 3

C. Proof of Proposition 4.
For the sake of simplicity, we express first the entropy in

nats and then we give at the end, its expression in bits

H(θθθ) = −
∫ +∞

−∞
f(x,θθθ) log (f(x,θθθ)) dx

= −
∫ μ

−∞

β

(α1 + α2)Γ(1/β)
e−[(−x+μ)/α1]

β×

log

[
β

(α1 + α2)Γ(1/β)
e−[(−x+μ)/α1]

β

]
dx

−
∫ ∞

μ

β

(α1 + α2)Γ(1/β)
e−[(x−μ)/α2]

β×

log

[
β

(α1 + α2)Γ(1/β)
e−[(x−μ)/α2]

β

]
dx

= −(H1 +H2)

where

H1 =
β

(α1 + α2)Γ(1/β)
×[

log
β

(α1 + α2)Γ(1/β)

∫ μ

−∞
e−[(−x+μ)/α1]

β

dx

−
∫ μ

−∞

(−x+ μ

α1

)β

e−[(−x+μ)/α1]
β

dx

]

By using the change of variable u = −x+μ
α1

, we obtain

H1 =
α1β

(α1 + α2)Γ(1/β)
×[

− log
β

(α1 + α2)Γ(1/β)

∫ ∞

0

e−uβ

du+

∫ ∞

0

uβe−uβ

du

]

=
β

(α1 + α2)Γ(1/β)
×[

α1

β
Γ

(
1

β

)
log

β

(α1 + α2)Γ(1/β)
− α1

β
Γ

(
β + 1

β

)]

=
α1

α1 + α2

[
log

β

(α1 + α2)Γ(1/β)
− 1

β

]

since Γ
(

β+1
β

)
= Γ

(
1
β + 1

)
= 1

βΓ(1/β).

The same reasoning is followed for H2 to obtain

H2 =
α2

α1 + α2

[
log

β

(α1 + α2)Γ(1/β)
− 1

β

]
The entropy H in nats is then expressed by

H = −(H1 +H2)

=

[
1

β
− log

β

(α1 + α2)Γ(1/β)

] [
α1

α1 + α2
+

α2

α1 + α2

]

=
1

β
− log

β

(α1 + α2)Γ(1/β)

Finally, the expression of the entropy in bits is given by

H =
1

β log 2
− log2

β

(α1 + α2)Γ(1/β)
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Fig. 4. From left to right: Image with gray level equal to μ = 100 corrupted with AGGNoise para(α1, α2) = (15, 25) and β, MLE-based, MME-based
and EME-based histogram fitting. From top to bottom : the results of histogram fitting for various values of β = {0.6, 0.8, 1, 1.2, 1.4, 1.6, 1.8, 2} (Blue and
red curves are original and fitted histograms, respectively)
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Fig. 5. From left to right: Image with gray level equal to μ = 100 corrupted with AGGNoise(α1, α2) = (15, 25) and β, MLE-based, MME-based and
EME-based histogram fitting. From top to bottom : the results of histogram fitting for input values of β = {2, 2.2, 2.4, 2.6, 2.8, 3} (Blue and red curves are
original and fitted histograms, respectively)
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